Classification of conservative hydrodynamic chains. Vlasov type kinetic
  equation, Riemann mapping and the method of symmetric hydrodynamic reductions by Pavlov, Maxim V. & Zykov, Sergej A.
ar
X
iv
:0
91
2.
49
54
v1
  [
nli
n.S
I] 
 25
 D
ec
 20
09
Classification of conservative hydrodynamic chains.
Vlasov type kinetic equation, Riemann mapping and
the method of symmetric hydrodynamic reductions.
Maxim V. Pavlov1, Sergei Zykov2,3
1Department of Mathematical Physics,
P.N. Lebedev Physical Institute of Russian Academy of Sciences,
Moscow, Leninskij Prospekt, 53
2Department of Mathematical Physics,
SISSA, Trieste, Italy
3Institute of Metal Physics, Ural branch of RAS,
Ekaterinburg, Russia
Abstract
A complete classification of integrable conservative hydrodynamic chains is pre-
sented. These hydrodynamic chains are written via special coordinates – moments,
such that right hand sides of these infinite component systems depend linearly on
a discrete independent variable k. All variable coefficients of these hydrodynamic
chains can be expressed via modular forms with respect to moment A0, via hy-
pergeometric functions with respect to moment A1; they depend polynomially on
moment A2 and linearly on all other higher moments Ak. A dispersionless Lax rep-
resentation is found. Corresponding collisionless Boltzmann (Vlasov like kinetic)
equation is derived. A Riemann mapping is constructed. A generating function of
conservation laws and commuting flows is presented.
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2
1 Introduction
In past years (2003 up to now) significant results were obtained in the theory of integrable
hydrodynamic chains (see [13], [14], [6], [16], [19]). A first integrable hydrodynamic chain
Akt = A
k+1
x + kA
k−1A0x, k = 0, 1, 2, ... (1)
was derived by D. Benney (see [2]) in 1973. An integrability of the Benney hydrodynamic
chain can be illustrated by an existence of a generating function of conservation laws (see
[2], [11])
pt =
(
p2
2
+ A0
)
x
, (2)
where a generating function of conservation law densities is given by
p = λ−
H0
λ
−
H1
λ2
−
H2
λ2
− ..., (3)
whose all conservation law densities are polynomial functions with respect to moments Ak,
i.e. H0 = A
0, H1 = A
1, H2 = A
2+(A0)2, H3 = A
3+A0A1, ... It means that hydrodynamic
chain (1) also can be written in the conservative form (see, for instance, [17])
∂tH0 = ∂xH1, ∂tHk =
(
Hk+1 −
1
2
k−1∑
m=0
HmHk−1−m
)
x
, k = 1, 2, ... (4)
We are interested in a description of integrable hydrodynamic chains written in the form
(cf. (1))
Akt = f1A
k+1
x + f0A
k
x + A
k+1(s0A
0
x + s1A
1
x) + A
k(r0A
0
x + r1A
1
x) (5)
+k[Ak+1(w0A
0
x+w1A
1
x+w2A
2
x) +A
k(v0A
0
x+ v1A
1
x+ v2A
2
x) +A
k−1(u0A
0
x+ u1A
1
x+ u2A
2
x)],
where coefficients fi, sj, rk depend on first two moments A
0 and A1 only, while all other
coefficients wm, vn, up depend just on first three moments A
0, A1 and A2.
Recently, two particular cases of hydrodynamic chains (5) were completely investi-
gated. The Hamiltonian hydrodynamic chains (here H1,k ≡ ∂H1/∂A
k, k = 0, 1)
Akt = (α + β)H1,1A
k+1
x + βH1,0A
k
x + [α(k + 1) + 2β]A
k+1(H1,1)x + (αk + 2β)A
k(H1,0)x
are associated with the Kupershmidt Poisson brackets (see [5] and [10]); while the Hamil-
tonian hydrodynamic chains (here H2,k ≡ ∂H2/∂A
k, k = 0, 1, 2)
Akt = 2H2,2A
k+1
x +H2,1A
k
x + (k + 2)A
k+1(H2,2)x + (k + 1)A
k(H2,1)x + kA
k−1(H2,0)x
are associated with the Kupershmidt–Manin Poisson bracket (see the second part in [6],
[8] and [10]). These hydrodynamic chains are integrable if and only if all components
of corresponding Haantjes tensors vanish. It means that the corresponding Hamiltonian
densities H1(A
0, A1) and H2(A
0, A1, A2) cannot be arbitrary. A full list of admissible
expressions is given in [5] and [6], respectively.
In a general case, the coefficient f1 in (5) is reducible to the unity, the coefficient f0
can be eliminate by an appropriate change of moments Ak; while all other coefficients can
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be simplified in the integrable case only. Following the approach based on an existence
of first three conservation laws and vanishing of the Haantjes tensor (see the first part in
[6]), one can extract the integrable case
Akt = A
k+1
x − k[(A
k+1 + u0A
k + u−1A
k−1)[ln(A2 + σ)]x −A
k(u0)x −A
k−1(u−1)x], (6)
where functions u0, u−1, σ satisfy to an overdetermined system in an involution (see (54)).
The same result can be obtained by the method of hydrodynamic reductions established
by J. Gibbons and S.P. Tsarev in [9] and developed by E.V. Ferapontov and K.R. Khus-
nutdinova in [4]. In this paper, we utilize the concept of the so-called symmetric hy-
drodynamic reductions (see [16], [18]). In this case, an existence of a Riemann mapping
λ(q, A0, A1, A2, ...) connecting the Vlasov type kinetic equation (see [7], [12], [21]) with
hydrodynamic chain (6) leads to an overdetermined system in involution (36), (37), (38),
(39), (40), (41), whose general solution can be parameterized by hypergeometric func-
tions. Then a generating function of conservation laws can be found in quadratures.
Thus, an infinite series of conservation laws densities Hk(A
0, A1, ..., Ak) allows to rewrite
hydrodynamic chain (6) in the conservative form1 (cf. (4))
∂tHk = ∂xFk(H0, H1, ..., Hk+1), k = 0, 1, 2, ... (7)
We prove that its first two conservation laws coincide with first two conservation laws
found in [6]. In the general case, E.V. Ferapontov and D.G. Marshall found that F2(H0, H1, H2) =
lnH2+G(H0, H1) and functions F0(H0, H1), G(H0, H1) satisfy to another overdetermined
system in involution (see [6]). Moreover, we prove that this system in involution (55)
is equivalent to system in involution (36), (37), (38), (39), (40), (41). Thus, a complete
classification of integrable conservative hydrodynamic chains (7) is given in this paper.
This paper is organized in the following way. In Section 2, symmetric 2N component
hydrodynamic reductions are extracted by virtue of Zakharov’s moment decomposition
(see [18], [21]). Such 2N component hydrodynamic type systems contain N component
symmetric sub-systems, which are still hydrodynamic reductions. These N component
hydrodynamic type systems imply to the Vlasov type kinetic equation. We show that
an existance of the Riemann mapping connecting this Vlasov type kinetic equation with
hydrodynamic chain (6) allows to select all integrable hydrodynamic chains. In Section 3,
canonical coordinates in a moment space are introduced. Then a further investigation sim-
plifies. In Section 4, a special “triangular” case is completely integrated. Three variable
coefficients in (6) can be parameterized by solutions of the so-called Halphen–Darboux
system (see [1]). In Section 5, a generating function of conservation laws is found. In
Conclusion, a generalization of the approach presented in this paper is discussed.
2 Zakharov’s moment decomposition
The moment decomposition approach developed in [18] (see also [16]) is based on a concept
of an existence of symmetric hydrodynamic type systems
ait = ∂xF (a; p)|p=ai, i = 1, 2, ..., N,
1A problem of a description of integrable hydrodynamic chains (7) was formulated in [13]. A particular
and important Egorov’s case F0(H0, H1) ≡ H1 was investigated in [14].
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which are nothing but hydrodynamic reductions of the hydrodynamic chains, where in
all known cases before (see, for instance, [5], [16], [17], [18], [19], [15]) each corresponding
moment Ak depends on N functions of a single variable2, i.e.
Ak =
N∑
m=0
fmk(a
m), k = 1, 2, 3, ...
Another moment decomposition (introduced by V.E. Zakharov, see [21])
Ak =
N∑
m=0
(am)kbm (8)
also is applicable in all these known cases (see [18]). Benney hydrodynamic chain (1) under
this moment decomposition reduces to the 2N component hydrodynamic type system
ait =
(
(ai)2
2
+ A0
)
x
, bit = (a
ibi)x,
which possesses a formal reduction to the N component case (cf. (2))
ait =
(
(ai)2
2
+ A0
)
x
,
if all field variables bk vanish, and A0 becomes a function of all rest field variables an only.
Let us replace ai by q(x, t, λ), where λ is a parameter. It means ai = q(x, t, ξi), where ξi
are arbitrary constants. Then (2)
qt = qqx + A
0
x
by a semi-hodograph transformation q(x, t, λ)→ λ(x, t, q) reduces to the linear equation
λt = qλx − λqA
0
x,
which is known as the Vlasov kinetic equation (see [21]; or the collisionless Boltzmann
equation, see [7]). Suppose λ(x, t, q) is a function λ(q, A0, A1, ...), where all moments
Ak(x, t) satisfy Benney hydrodynamic chain (1). Since we suppose all moments Ak are
independent, one can obtain an infinite series of equations
∂kλ = q
−k∂0λ, k = 0, 1, 2, ..., (9)
where ∂k ≡ ∂/∂A
k, and (∂q ≡ ∂/∂q)
∂0λ =
(
q −
∞∑
m=0
mAm−1
qm
)
−1
∂qλ. (10)
2let us emphasize that N is an arbitrary natural number.
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A solution of (9) is given by3
λ = B1(q)
∞∑
m=0
Am
qm+1
+B2(q), (11)
where B1(q) and B2(q) are not determined yet functions. However, a substitution (11)
into (10) yields B1(q) = 1 and B2(q) = q. Then (11) becomes nothing else but an inverse
series to (3). Thus, we conclude that a symptom of an integrability of hydrodynamic
chains is an existence of a Riemann mapping λ(q, A0, A1, ...) connecting with Vlasov type
kinetic equation (see below). In this paper, we utilize this property for a classification of
integrable hydrodynamic chains.
This moment decomposition approach can be extended on a wide class of hydrody-
namic chains (cf. (5))
Akt =
K∑
n=0
fnA
k+n
x +
M∑
m=0
(
K∑
n=0
Ak+nsnm + k
K∑
n=−1
Ak+nwnm
)
Amx (12)
where K and M are arbitrary natural numbers, all functions fi, sjk, wlp depend on first
M + 1 moments (if K = 1,M = 2, s0,2 = 0, s1,2 = 0 and f0, f1, s0,0, s0,1, s1,0, s1,1 depend
just on two first moments A0, A1, these hydrodynamic chains reduce to (5)). Indeed, (12)
reduces to N separate expressions for each index i (let remind that N is arbitrary)
(ai)kbit + k(a
i)k−1biait =
K∑
n=0
fn[(a
i)k+nbix + (k + n)(a
i)k+n−1biaix]
+
M∑
m=0
(
K∑
n=0
(ai)k+nbisnm + k
K∑
n=−1
(ai)k+nbiwnm
)
Amx ,
due to a substitution (8) in moments equipped by the index k only. Moreover, the above
N expressions (due to their linear explicit dependence on a discrete variable k) can be
split on two parts
bit =
K∑
n=0
fn[(a
i)nbix + n(a
i)n−1biaix] +
M∑
m=0
K∑
n=0
(ai)nbisnmA
m
x ,
ait =
K∑
n=0
fn · (a
i)naix +
M∑
m=0
K∑
n=−1
(ai)n+1wnmA
m
x . (13)
As in the previous case, this 2N component hydrodynamic type system possesses N
component reduction (13), where all moments Am and all variable coefficients wik depend
on N field variables an only.
3It is well known that a general solution of the above linear equation is parameterized by one arbitrary
function of a single variable λ˜(λ). However, in this approach, an existence of any solution is essential.
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Our main observation successfully utilized in this approach is that integrable hy-
drodynamic chain (12) is associated with the auxiliary equation
qt =
K∑
n=0
fnq
nqx +
M∑
m=0
K∑
n=−1
qn+1wnmA
m
x , (14)
which obtains due to a formal replacement ai → q in (13). It means, that equation (14)
is compatible with hydrodynamic chain (12), where function q must depend on moments
Ak(x, t) and the parameter λ. The semi-hodograph transformation q(x, t, λ) ↔ λ(x, t, q)
reduces (14) to the linear equation
λt −
K∑
n=0
fnq
nλx +
M∑
m=0
K∑
n=−1
qn+1wnmA
m
x λq = 0, (15)
which we call the Vlasov type kinetic equation (cf. [12]). The function λ(x, t, q) depends on
x, t implicitly via an explicit dependence on moments Ak(x, t). We shall call hydrodynamic
chain (12) integrable if a Riemann mapping λ(q, A0, A1, ...) connecting Vlasov type kinetic
equation (15) with (12) exists.
Examples: Hamiltonian hydrodynamic chains associated with the Kupershmidt–
Manin Poisson bracket (see [8]; hn ≡ ∂h/∂A
n, hnm ≡ ∂
2h/∂An∂Am)
Akt =
M−1∑
n=0
(n+ 1)hn+1A
k+n
x +
M∑
m=0
(
M−1∑
n=0
(n+ 1)Ak+nhn+1,m + k
M−1∑
n=−1
Ak+nhn+1,m
)
Amx
are connected with the Vlasov type kinetic equation
λt −
M−1∑
n=0
(n+ 1)hn+1q
nλx +
M∑
m=0
M−1∑
n=−1
qn+1hn+1,mA
m
x λq = 0,
where the Hamiltonian is given by H =
∫
h(A0, A1, ..., AM)dx and (see (12))
fn = (n + 1)hn+1, K =M − 1, snm = (n + 1)hn+1,m, wnm = hn+1,m.
Hamiltonian hydrodynamic chains associated with the Kupershmidt Poisson brackets (see
[5] and [10])
Akt =
M∑
n=0
(αn+ β)hnA
k+n
x +
M∑
m=0
(
M∑
n=0
(αn + 2β)Ak+nhnm + αk
M∑
n=0
Ak+nhnm
)
Amx
are connected with the Vlasov type kinetic equation
λt −
M∑
n=0
(αn + β)hnq
nλx + α
M∑
m=0
M∑
n=0
qn+1hnmA
m
x λq = 0
where the Hamiltonian is given by H =
∫
h(A0, A1, ..., AM)dx and (see (12))
fn = (αn + β)hn, K = M, snm = (αn+ 2β)hnm, wnm = αhnm, w−1,m = 0.
7
Without loss of generality and for simplicity let us consider a hydrodynamic chain
written in the form
Akt =
1∑
n=0
fnA
k+n
x +
M∑
m=0
(
1∑
n=0
Ak+nsnm + k
1∑
n=−1
Ak+nwnm
)
Amx . (16)
If this hydrodynamic chain is integrable, then also all its higher commuting flows belong
to the general class determined by (12) with appropriate choices natural numbers K and
M .
Lemma: The coefficient f1 can be fixed to the unity by the invertible point transfor-
mation A˜k = (f1)
kAk, then the coefficient f0 can be eliminated by the invertible point
transformation4
A˜k =
k∑
m=0
(
k
m
)
(f0)
k−mAm,
where
(
k
m
)
is a binomial coefficient. If ∂Mf
1 = 0 and ∂Mf
0 = 0, then hydrodynamic chain
(16) reduces to the canonical form
Akt = A
k+1
x +
M∑
m=0
(
1∑
n=0
Ak+nsnm + k
1∑
n=−1
Ak+nwnm
)
Amx ; (17)
if ∂Mf
1 6= 0 or ∂Mf
0 6= 0, then (16) reduces to (17), but M replaces by M + 1, corre-
spondingly.
Proof : Hydrodynamic chain (16) is associated with the reduced version of (14)
qt = (f1q + f0)qx +
M∑
m=0
1∑
n=−1
qn+1wnmA
m
x .
Thus, the transformation q˜ = f1q + f0 reduces the above equation to a more simple case
with f1 = 1 and f0 = 0. Corresponding Zakharov’s moment decomposition (8) transforms
accordingly
A˜k =
N∑
m=0
(f1a
m + f0)
kbm. (18)
This is nothing else but a linear combination of aforementioned transformations. This
point transformation A˜0 = A0, A˜1 = f1A
0 + (f0)
2, A˜2 = (f1)
2A2 + 2f0f1A
1 + (f0)
3,
..., A˜M = (f1)
MAM +Mf0(f1)
M−1AM−1 + ... + (f0)
M+1, ... cannot be inverted to a sim-
ilar form due to complexity of functions f0(A
0, A1, ..., AM) and f1(A
0, A1, ..., AM). Just
higher moments AM+k(A˜0, A˜1, ..., A˜M+k) became linear expressions with respect to higher
moments A˜M+1, A˜M+2, ...
On the other hand, 2N component hydrodynamic type system (13)
bit = (f1a
i+f0)b
i
x+f1b
iaix+b
i
M∑
m=0
1∑
n=0
(ai)nsnmA
m
x , a
i
t = (f1a
i+f0)a
i
x+
M∑
m=0
1∑
n=−1
(ai)n+1wnmA
m
x
4Similar transformations preserving the Kupershmidt–Manin Poisson bracket were considered in [6],
but with constant coefficients f0 and f1.
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under the aforementioned transformation ci = f1a
i + f0 reduces to
bit = c
ibix + b
icix + b
i
M∑
m=0
1∑
n=0
(ci)ns¯nmA
m
x , c
i
t = c
icix +
M+1∑
m=0
1∑
n=−1
(ci)n+1w¯nmA
m
x , (19)
where
s¯1m =
s1m
f1
− ∂m ln f1, s¯0m = s0m −
f0
f1
s1m + f0∂m ln f1 − ∂mf0,
w¯1m =
w1m
f1
− ∂m ln f1, w¯0,M+1 = ∂Mf1, w¯−1,M+1 = f1∂Mf0 − f0∂Mf1,
w¯0m = w0m + (1− δm,0)∂m−1f1 − ∂mf0 + 2f0∂m ln f1 −
2f0w1m
f1
+
M∑
p=0
(
1∑
n=0
Ap+nsnm +
1∑
n=−1
pAp+nwnm
)
∂p ln f1,
w¯−1m = (1−δm,0)(f1∂m−1f0−f0∂m−1f1)+f0∂mf0−(f0)
2∂m ln f1+
(f0)
2w1m
f1
−f0w0m+f1w−1m
−f0
M∑
p=0
(
1∑
n=0
Ap+nsnm +
1∑
n=−1
pAp+nwnm
)
∂p ln f1+
M∑
p=0
(
1∑
n=0
Ap+nsnm +
1∑
n=−1
pAp+nwnm
)
∂pf0.
Due to (18), (19) can be written in the final form
bit = c
ibix + b
icix + b
i
M∑
m=0
1∑
n=0
(ci)ns˜nmA˜
m
x , c
i
t = c
icix +
M+1∑
m=0
1∑
n=−1
(ci)n+1w˜nmA˜
m
x ,
where coefficients s˜ij and w˜kl are expressed via new moments A˜
n. This is nothing else but
a hydrodynamic reduction of hydrodynamic chain (17)
A˜kt = A˜
k+1
x +
M+1∑
m=0
(
1∑
n=0
A˜k+ns˜nm + k
1∑
n=−1
A˜k+nw˜nm
)
A˜mx .
Thus, Lemma is proved.
Example: The remarkable Kupershmidt hydrodynamic chain (see [10], [15])
Akt = A
k+1
x + βA
0Akx + (k + γ)A
kA0x, k = 0, 1, ...
reduces to canonical form (17)
A˜kt = A˜
k+1
x + [(1− β)k + γ − β]A˜
kA˜0x + βkA˜
k−1
(
A˜1 +
γ − β − 1
2
(A˜0)2
)
x
, k = 0, 1, ...
Thus, we can investigate an integrability of hydrodynamic chain (16) written in a more
convenient form (17) instead (16). In such a case, (14) reduces to
qt = qqx +
M∑
m=0
1∑
n=−1
qn+1wnmA
m
x . (20)
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A consistency of (20) with (17) leads to an infinite set of equations
∂M+kq = q
−k∂Mq, k = 0, 1, 2, ... (21)
and M + 1 equations (m = 0, 1, 2, ...,M) reduces by virtue of (21) to
(1−δm,0)∂m−1q+
M−1∑
k=0
(
1∑
n=0
snmA
k+n + k
1∑
n=−1
wnmA
k+n
)
∂kq+Σm·∂Mq =
1∑
n=−1
wnmq
n+1+q∂mq,
where M + 1 infinite sums are determined by
Σm =
∞∑
k=0
(
1∑
n=0
snmA
M+n+k + (M + k)
1∑
n=−1
wnmA
M+n+k
)
1
qk
. (22)
However, all these infinite sums can be reduced to a sole sum only (see below). A consis-
tency of the Vlasov type kinetic equation (cf. (15), see also (20))
λt = qλx −
M∑
m=0
1∑
n=−1
qn+1wnmA
m
x λq
with (17) yields an infinite set of equations (which is equivalent to (21) due to the trans-
formation ∂kq = −∂kλ/∂qλ)
∂M+kλ = q
−k∂Mλ, k = 0, 1, 2, ...,
whose solution is given by
λ = B1(q, A
0, A1, ..., AM−1)[Σ +B2(q, A
0, A1, ..., AM−1)],
where
Σ =
∞∑
p=0
Ap
qp+1
, (23)
while other M + 1 equations
(1−δm,0)∂m−1λ+
M−1∑
k=0
(
1∑
n=0
snmA
k+n + k
1∑
n=−1
wnmA
k+n
)
∂kλ+Σm·∂Mλ+
1∑
n=−1
wnmq
n+1∂qλ = q∂mλ,
reduce to a linear system5 Gm(q, A
0, A1, ..., AM)Σ+Qm(q, A
0, A1, ..., AM) = 0 due to (22)
expresses via (23)
Σm =
(
1∑
n=0
snmq
M+n+1 −
1∑
n=−1
(n+ 1)wnmq
M+n+1
)
Σ−
1∑
n=−1
wnmq
M+n+2∂qΣ
+
1∑
n=−1
wnm
M+n−1∑
p=0
n− p
qp−n−M
Ap −
1∑
n=0
snm
M+n−1∑
p=0
Ap
qp−n−M
.
5This linear system does not contain a part proportional to ∂qΣ, because its corresponding coefficient
vanishes authomatically.
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Since both coefficients Gm and Qm must vanish independently, a full 2M + 2 component
system can be split on the two M + 1 component sub-systems of linear equations
q∂m lnB1 + (δm,0 − 1)∂m−1 lnB1 −
M−1∑
k=0
(
1∑
n=0
snmA
k+n + k
1∑
n=−1
wnmA
k+n
)
∂k lnB1
−
1∑
n=−1
wnmq
n+1∂q lnB1 =
1∑
n=0
[snm − (n + 1)wnm]q
n (24)
and
q∂mB2+(δm,0−1)∂m−1B2−
M−1∑
k=0
(
1∑
n=0
snmA
k+n + k
1∑
n=−1
wnmA
k+n
)
∂kB2−
1∑
n=−1
wnmq
n+1∂qB2
+
1∑
n=0
[snm − (n+ 1)wnm]q
nB2 = A
0(s1m − w1m)− δm,0.
All derivatives of functions B1 and B2 can be expressed from this linear system
with variable coefficients sij and wkl. A consistency of these derivatives leads to an
overdetermined system in partial derivatives on sij and wkl with respect to moments
A0, A1, ..., AM−1 and q, while a dependence on the highest moment AM can be found by
a straightforward differentiation of linear system (24) written in the matrix6 form

q + ∗ ∗ ... ∗ −w1,1q
2 − w0,1q + ∗
∗ q + ∗ ... ∗ −w1,2q
2 − w0,2q + ∗
... ... ... ... ...
∗ ∗ ... q + ∗ −w1,M−1q
2 − w0,M−1q + ∗
∗ ∗ ... ∗ −w1,Mq
2 − w0,Mq + ∗




∂0 lnB
1
∂1 lnB
1
...
∂M−1 lnB
1
∂q lnB
1

 =


w˜0q + ∗
w˜1q + ∗
...
w˜M−1q + ∗
w˜Mq + ∗

 ,
where w˜k = s1k− 2w1k and the mark “∗” means elements independent on q. Indeed, such
a differential consequence is given by

∗ ∗ ... ∗ −w′1,1q
2 − w′0,1q + ∗
∗ ∗ ... ∗ −w′1,2q
2 − w′0,2q + ∗
... ... ... ... ...
∗ ∗ ... ∗ −w′1,M−1q
2 − w′0,M−1q + ∗
∗ ∗ ... ∗ −w′1,Mq
2 − w′0,Mq + ∗




∂0 lnB
1
∂1 lnB
1
...
∂M−1 lnB
1
∂q lnB
1

 =


w˜′0q + ∗
w˜′1q + ∗
...
w˜′M−1q + ∗
w˜′Mq + ∗

 ,
where the mark “′” means a partial derivative with respect to the moment AM .
Lemma: Any row of the above linear system(
∗, ∗, ..., ∗, −w′1,mq
2 − w′0,mq + ∗, w˜
′
mq + ∗
)
(25)
is proportional to the last row from the previous linear system(
∗, ∗, ..., ∗, −w1,Mq
2 − w0,Mq + ∗, w˜Mq + ∗
)
. (26)
6a determinant of this (M + 1)× (M + 1) matrix is a polynomial of degree M + 2 with respect to q,
except some special cases, like w1,M = 0, which should be considered separately.
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Proof : Indeed, let us consider the linear system

q + ∗ ∗ ... ∗ −w1,1q
2 − w0,1q + ∗ −w˜0q − ∗
∗ q + ∗ ... ∗ −w1,2q
2 − w0,2q + ∗ −w˜1q − ∗
... ... ... ... ... ...
∗ ∗ ... q + ∗ −w1,M−1q
2 − w0,M−1q + ∗ −w˜M−1q − ∗
∗ ∗ ... ∗ −w1,Mq
2 − w0,Mq + ∗ −w˜Mq − ∗
∗ ∗ ... ∗ −w′1,mq
2 − w′0,mq + ∗ −w˜
′
mq − ∗




∂0B
1
∂1B
1
...
∂M−1B
1
∂qB
1
B1


= 0,
determined by the (M + 2)× (M + 2) matrix incorporating all rows of the original linear
system and any row from its differential consequence. A determinant of this matrix equals
zero for nontrivial solutions B1. Thus, the last row (see (25)) must be a linear combination
of all other rows. However, most of them (m = 0, 1, ...,M − 1) contain an element q + ∗,
which does not exist in first M entries of this last row. Thus, the last row cannot be
expressed via these higher flows except the row with the number M (see (26)). It means,
that all elements of these two rows must be proportional to each other. Lemma is proved.
Thus, the full set of equations is given by (n = 0, 1, ...,M − 2)
β ′M
βM
=
δ′M
δM
=
(ǫM−1M )
′
1 + ǫM−1M
=
(ǫnM)
′
ǫnM
, (27)
β′m
βM
=
δ′m
δM
=
(ǫM−1m )
′
1 + ǫM−1M
=
(ǫnm)
′
ǫnM
, m = 0, 1, ...,M − 1, (28)
where
βm = s0,m − w0,m + (s1,m − 2w1,m)q,
ǫnm = nw−1,mA
n−1 + (s0,m + nw0,m)A
n + (s1,m + nw1,m)A
n+1,
δm = w−1,m + w0,mq + w1,mq
2.
All these equations can be subsequently integrated. Indeed, the first ratio in (27)
β′M
βM
=
δ′M
δM
is nothing else but a cubic polynomial with respect to q. Since q is arbitrary, all four
coefficients must vanish independently. A general solution of corresponding four ordinary
differential equations (with respect to AM only) is given by
s0,M = (r0 −M + 1)w1,M , s1,M = (r1 −M + 1)w1,M ,
w0,M = u0w1,M , w−1,M = u−1w1,M , (29)
where functions r0, u0, r1, u−1 depend on firstM moments A
0, A1, ..., AM−1. An integration
of the second ratio in (27)
δ′M
δM
=
(ǫM−1M )
′
1 + ǫM−1M
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leads to
w1,M = −
1
σ + AMr1
, (30)
where the function σ depends on first M moments A0, A1 . . . , AM−1. An integration of
the first ratio in (28)
β′m
βM
=
δ′m
δM
leads to
w−1,m = u−1w1,m + γ−1,m, w0,m = u0w1,m + γ0,m, (31)
s1,m = (r1 −M + 1)w1,m + ρ1,m, s0,m = (r0 −M + 1)w1,m + ρ0,m,
where functions γ
−1,m, γ0,m, ρ0,m, ρ1,m depend on first M moments A
0, A1, ..., AM−1. An
integration of the second ratio in (28)
δ′m
δM
=
(ǫM−1m )
′
1 + ǫM−1M
leads to
w1,m =
ωm − AMρ1,m
σ + AM r1
, (32)
where functions ωm depend on first M moments A
0, A1, ..., AM−1. It is easy to see, that
all other ratios in (27) and (28) are fulfilled by virtue of (29), (30), (31), (32).
In the next Section, a more deep analysis is presented for hydrodynamic chain (5)
written in form (17).
3 Canonical variables
The function B1 depends on first M moments A
0, A1, AM−1 only, but coefficients of linear
system (24) depend also on AM explicitly via (29), (30), (31), (32). Thus, each derivative
of lnB1 can be expressed as a ratio of two polynomials with respect to q. In a general
case (if w1,M 6= 0), the common denominator is a polynomial of a degree M + 2. All
numerators are polynomials of the same degree, except a numerator of derivative lnB1
with respect to q. Its degree is M + 1. Let us introduce roots qk(A
0, A1, ..., AM−1) of this
polynomial as basic field variables for further computations. In such a case,
∂q lnB1 = −
M+2∑
m=1
αm
q − qm
, (33)
where αm(A
0, A1, ..., AM−1) are not yet determined functions. It means, that
B1 = α0
M+2∏
m=1
(q − qm)
−αm , (34)
where α0(A
0, A1, ..., AM−1) is not yet determined function. A substitution (34) back to
the first derivative of lnB1 with respect to q allows to express few (not all) variable
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coefficients (r0, u0, r1, u−1, σ, γ−1,m, γ0,m, ρ0,m, ρ1,m, ωm, see the previous Section) via new
field variables qk. Moreover, α0 and all other αm must be constant parameters (this is
a consequence of an absence of logarithmic terms in derivatives of lnB1 with respect to
moments Ak); r1 is constant due to the constraint
M+2∑
m=1
αm =
1
r1
−M − 1, (35)
following from comparison of r.h.s. in (33) with a corresponding expression from linear
system (24). Without loss of generality, one can fix α0 on the unity. The compatibility
conditions ∂k(∂q lnB1) = ∂q(∂k lnB1), ∂k(∂n lnB1) = ∂n(∂k lnB1) imply to explicit rela-
tionships between some coefficients as well as dependencies ∂kqn via qm and rest of initial
coefficients. Finally, the compatibility conditions ∂k(∂mqn) = ∂k(∂mqn) should lead to a
parametrization of all coefficients via qm and their derivatives with respect to moments
A0, A1, ..., AM−1.
However, this is not precisely true. Hydrodynamic chain (16) possesses a large class of
invertible transformations, allowing to significantly reduce a number of distinguish coeffi-
cients. For instance, hydrodynamic chain (5) contains 15 coefficients, while its integrable
version (6) contains just 3 coefficients. It means, that transformation (18) is necessary
but not sufficient for a most appropriate choice of reduced number of coefficients for a
satisfactory investigation. To avoid complexity of this problem, in this Section, we restrict
our consideration on the case M = 2 associated with hydrodynamic chain (5).
4 General solution in the “triangular” case
In this Section, we restrict our consideration on a most important case determined by
the choice r0 = 1 and r1 = 1 (see (5) and comments to (12), i.e. the restrictions s0,2 =
0, s1,2 = 0), i.e. (see (35))
4∑
m=1
αm = −2.
Moreover, we essentially can simplify further computations fixing all ρkn = 0, where k, n =
0, 1. Nevertheless, this is not a particular case. A complete description of conservative
integrable hydrodynamic chains (7) is given by (6). In general case (17), an infinite set of
conservation laws can be written in the form (cf. (7))
∂tHk = ∂xFk(H0, H1, ..., HM), k = 0, 1, 2, ...,M − 1,
∂tHM+k = ∂xFM+k(H0, H1, ..., HM+k+1), k = 0, 1, 2, ...
Just hydrodynamic chain (5) possesses an infinite set of conservation laws given by (7).
Such hydrodynamic chains we call “triangular” in comparison with all other hydrodynamic
chains (17), whose conservation laws possess a deviation from this triangular case, i.e. first
M conservation law fluxes depend simultaneously on first M conservation law densities
Hk.
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As it was mentioned in the previous Section, the compatibility conditions ∂k(∂q lnB1) =
∂q(∂k lnB1), ∂k(∂n lnB1) = ∂n(∂k lnB1) lead to the system in involution
∂1qk =
q2k + u0qk + u−1
S
, ∂1S =
4∑
m=1
(2αm + 1)qm, (36)
∂1u−1 =
1
S
(
u−1
4∑
m=1
(αm + 1)qm −
4∏
k=1
qk
4∑
m=1
αm + 1
qm
)
, (37)
∂0qk =
(q2k + u0qk + u−1) (∂0S − u−1)
qkS
−
∂0u−1
qk
− ∂0u0, (38)
∂0S = −
∑
m<k
(αk + αm + 1)qmqk, (39)
∂0u−1 =
1
S
(
4∏
k=1
qk − u−1
∑
m<k
(αk + αm + 1)qmqk − (u−1)
2
)
, (40)
where
u0 =
4∑
m=1
αmqm, S = A
0u−1 + A
1u0 − σ, (41)
and 6 variable coefficients are connected with 3 others by (here k = 0, 1 only)
γ0,k = ∂ku0, γ−1,k = ∂ku−1, ωk = −∂kσ.
In this case, all coefficients (29), (30), (31), (32) significantly reduce, then hydrodynamic
chain (5) transforms to a more compact form given by (6).
Let us introduce the auxiliary functions
q˜k =
qk − q4
S
, k = 1, 2, 3.
Then equations (36) reduce to the form
∂1q˜k = q˜k
(
q˜k −
3∑
m=1
(αm + 1)q˜m
)
, k = 1, 2, 3, (42)
∂1 lnS =
3∑
m=1
(2αm + 1)q˜m, u−1 = S
(
∂1q4 − q4
3∑
m=1
αmq˜m
)
+ q24. (43)
A substitution u−1 from the above system into (37) leads to the simple equation of the
second order
∂21q4 + (α4 + 1)q˜1q˜2q˜3S = 0. (44)
Let us introduce an intermediate function z = ∂1q4 and four functions ck(A
0), k =
0, 1, 2, 3.
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Lemma: A general solution of system (42) is given by
q˜k = −∂1 ln(z − ck), k = 1, 2, 3, (45)
where
∂1z = c0
3∏
m=1
(z − cm)
αm+1, S =
c−20
α4 + 1
3∏
m=1
(z − cm)
−(2αm+1). (46)
Proof : A substitution above formulas into (42), (43), (44) yields identities.
A substitution (45) and (46) in (38) and (39) determines
∂0q4 =
c−10
α4 + 1
3∏
m=1
(z − cm)
−αm − zq4,
where c0(A
0) can be found by quadratures
(ln c0)
′ = −
3∑
m=1
(αm + α4 + 1) cm,
while all other ck(A
k) satisfy a new modification of well-known generalized Darboux–
Halphen system (see detail in [1])
c′1 =
α1
α4 + 1
[c1 (c2 + c3)− c2c3]−
α1 + α4 + 1
α4 + 1
c21,
c′2 =
α2
α4 + 1
[c2 (c1 + c3)− c1c3]−
α2 + α4 + 1
α4 + 1
c22, (47)
c′3 =
α3
α4 + 1
[c3 (c1 + c2)− c1c2]−
α3 + α4 + 1
α4 + 1
c23.
Remark: A sole function
s(A0) =
c2 − c3
c1 − c3
(48)
satisfies the so-called Schwarzian equation (see [1])
s′′′
s′
−
3(s′′)2
2(s′)2
=
(
2
α1α2 + α3α4
s(s− 1)
−
(α2 + α4) (α1 + α3)
s2
−
(α2 + α3) (α1 + α4)
(s− 1)2
)
(s′)2
2
.
Then a solution of system (47) is given by
c1 = −
1
2
(
ln
sα1+α3s′
(s− 1)α1−α4
)
′
, c2 = −
1
2
(
ln
(s− 1)α2+α3s′
sα2−α4
)
′
, c3 = −
1
2
(
ln
(
sα1+α3(s− 1)α2+α3s′
))
′
.
Under the simple linear transformation
c1 = (1 + α1 + α3)ω1 − (1 + α3 + α4)ω2 + (1− α1 + α4)ω3,
c2 = (1− α2 + α4)ω1 − (1 + α3 + α4)ω2 + (1 + α2 + α3)ω3,
c3 = (1 + α1 + α3)ω1 + (1− α3 + α4)ω2 + (1 + α2 + α3)ω3,
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the above formulas reduce to the form derived in [1], i.e.
ω1 = ω2ω3 − ω1(ω2 + ω3) + ω
2,
ω2 = ω1ω3 − ω2(ω1 + ω3) + ω
2,
ω3 = ω1ω2 − ω3(ω1 + ω2) + ω
2,
where
ω2 = β21(ω1 − ω2)(ω3 − ω1) + β
2
2(ω2 − ω3)(ω1 − ω2) + β
2
3(ω3 − ω1)(ω2 − ω3),
ω1 = −
1
2
(
ln
s′
s− 1
)
′
, ω2 = −
1
2
(
ln
s′
s(s− 1)
)
′
, ω3 = −
1
2
(
ln
s′
s
)
′
,
α1 =
1
2
(β1 + β2 − β3 − 1) , α2 =
1
2
(−β1 + β2 + β3 − 1) , α3 =
1
2
(β1 − β2 + β3 − 1)
and (48) reduces to
s(A0) =
ω2 − ω1
ω2 − ω3
.
The function q4(A
0, z) can be found by the quadrature
dq4 = c
−1
0 z
3∏
m=1
(z − cm)
−αm−1dz +
c−10
α4 + 1
3∏
m=1
(z − cm)
−αm−1P2(z)dA
0,
where P2(z) is a polynomial in z of the second degree, i.e.
P2(z) = z
2
3∑
m=1
(αm + α4 + 1)cm + z
3∏
n=1
cn
3∑
m=1
αm + 1
cm
−
3∏
n=1
cn.
Then the first moment A1(A0, z) is determined by another quadrature
dA1 = c−10
3∏
m=1
(z − cm)
−αm−1dz +
(
c−10
α4 + 1
3∏
m=1
(z − cm)
−αm−1G2(z) + q4
)
dA0,
where G2(z) is a polynomial in z of the second degree, i.e.
G2(z) = −z
2 + z
3∑
m=1
(αm + α4 + 2)cm +
3∏
n=1
cn
3∑
m=1
αm
cm
.
Thus, all functions u0, u−1 and σ (see (41), the second formula in (43) and the second
formula in (46)) are expressed via above implicit dependencies z(A0, A1), q4(A
0, A1), i.e.
σ = A0u−1 + A
1u0 −
c−20
α4 + 1
3∏
m=1
(z − cm)
−(2αm+1),
u0 = −
1
(α4 + 1) c0
3∑
m=1
αm
z − cm
3∏
k=1
(z − ck)
−αk − 2q4,
u−1 =
z
(α4 + 1) c
2
0
3∏
k=1
(z − ck)
−(2αk+1) +
q4
(α4 + 1) c0
3∑
m=1
αm
z − cm
3∏
k=1
(z − ck)
−αk + q24.
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5 Conservative hydrodynamic chains
We believe that integrable hydrodynamic chain (6) must possess an infinite set of conser-
vation laws (7). It means, that an infinite series of invertible triangular transformations
Hk(A
0, A1, ..., Ak) can be found. In this Section, we present a generating function of
conservation laws and prove an equivalence of the system in involution derived by E.V.
Ferapontov and D.G. Marshall for conservative hydrodynamic chains (7) with system in
involution (36)–(40) derived in the previous Section.
Theorem: Integrable hydrodynamic chain (6) possesses a generating function of con-
servation laws
∂tp(q, A
0, A1) = ∂xQ(q, A
0, A1). (49)
Proof : Integrable hydrodynamic chain (6) is associated with the Vlasov type kinetic
equation (see (17))
qt = qqx −
(
q2 + u0q + u−1
)
[log(A2 + σ)]x + q(u0)x + (u−1)x.
First two equations of hydrodynamic chain (6) are given by
A0t = A
1
x, A
1
t = A
2
x − [(A
2 + u0A
1 + u−1A
0)[ln(A2 + σ)]x − A
1(u0)x − A
0(u−1)x].
Since r.h.s. of qt and A
1
t contain derivative A
2
x, formally Q should depend on A
2. Differ-
entiation (49) with respect to x and t
∂qp · qt + ∂0p ·A
0
t + ∂1p · A
1
t = ∂qQ · qx + ∂0Q · A
0
x + ∂1Q · A
1
x + ∂2Q · A
2
x
leads to7
∂qQ = q∂qp,
∂0Q =
(
∂0u−1 + q∂0u0 −
(q2 + qu0 + u−1)∂0σ
σ + A2
)
∂qp
+
(
A0∂0u−1 + A1∂0u0 −
(A2 + A0u−1 + A1u0) ∂0σ
σ + A2
)
∂1p,
∂1Q = ∂0p+
(
∂1u−1 + q∂1u0 −
(q2 + qu0 + u−1)∂1σ
σ + A2
)
∂qp
+
(
A0∂1u−1 + A1∂1u0 −
(A2 + A0u−1 + A1u0) ∂1σ
σ + A2
)
∂1p,
∂2Q =
σ − A0u−1 − A1u0
σ + A2
∂1p−
q2 + qu0 + u−1
σ + A2
∂qp.
If ∂2Q = 0, then
∂1p =
q2 + qu0 + u−1
σ − A0u−1 − A1u0
∂qp (50)
7as usual, we are looking for a general solution. It means, that all Akx are considered independently.
Thus, corresponding coefficients must vanish separately.
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and all other above expressions simplify to the form
∂qQ = q∂qp, ∂0Q =
(
(q2 + qu0 + u−1) (u−1 − ∂0S)
S
+ ∂0u−1 + q∂0u0
)
∂qp,
∂1Q = ∂0p+
(
(q2 + qu0 + u−1) (u0 − ∂1S)
S
+ ∂1u−1 + q∂1u0
)
∂qp.
A compatibility conditions ∂1(∂0Q) = ∂0(∂1Q), ∂1(∂qQ) = ∂q(∂1Q), ∂q(∂0Q) = ∂0(∂qQ)
lead to three equations containing four second order derivatives ∂0qp, ∂qqp, ∂1qp, ∂00p only.
Taking into account (50), the derivative ∂1qp is proportional to ∂qqp, and all other three
derivatives ∂0qp, ∂qqp, ∂00p can be expressed. Moreover, a direct further computation leads
to the correspondence
∂qp =
1
B1
. (51)
Thus, (see (34))
∂qp =
4∏
m=1
(q − qm)
αm . (52)
The generating function of conservation law densities can be found in two quadratures
(see (50) and (51))
dp =
4∏
m=1
(q − qm)
−αmdq −
q2 + qu0 + u−1
S
4∏
m=1
(q − qm)
−αmdA1 + (∂0p)dA
0,
where ∂0p also is determined by corresponding second derivatives
d(∂0p) = (∂0qp)dq + (∂01p)dA
1 + (∂00p)dA
0.
Nevertheless, an infinite series of conservation law densities can be found directly from
(52).
In contrary with the above approach, all conservation laws can be found iteratively.
The zeroth conservation law is given by the zeroth equation
∂tH0 = ∂xF0(H0, H1),
such that A0 = H0 and A
1 = F0(H0, H1) (see integrable hydrodynamic chain (6)). Let us
introduce an intermediate notation h = ∂0H1.
Lemma: Integrable hydrodynamic chain (6) possesses first conservation law
∂tH1 = ∂x[lnH2 +G(H0, H1)],
such that the second conservation law density
H2 =
1
A2 + σ
,
the first conservation law density H1 can be found by two quadratures
dH1 = hdA
0 +
1
S
dA1, dh =
(
∂0
u0
S
− ∂1
u−1
S
)
dA0 +
(
∂0
1
S
)
dA1, (53)
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and the function G(H0, H1) is determined by the quadrature
dG =
∂0S − u−1
S
dA0 +
(
h+
∂1S − u0
S
)
dA1.
Proof : can be obtained by a straightforward computation.
The system in involution on third derivatives of functions F (H0, H1) and G(H0, H1)
was derived (see (55) in the Appendix) in paper [6].
Theorem: These functions F (H0, H1) and G(H0, H1) can be found in quadratures
dG =
(
∂˜0S − u−1
S
+ u0h− Sh
2
)
dH0 +
(
∂˜1 lnS − u0 + hS
)
dH1,
dF = −hSdH0 + SdH1,
where ∂˜0 ≡ ∂H0 , ∂˜1 ≡ ∂H1 . An inverse transformation is given by
u0 =
∂˜1,1F
∂˜1F
− ∂˜0F − ∂˜1G, S = ∂˜1F, u−1 = ∂˜0,1F −
∂˜0F ∂˜1,1F
∂˜1F
+ ∂˜0F ∂˜1G− ∂˜1F ∂˜0G.
Proof : can be obtained by a straightforward computation.
Remark: All higher commuting flows belong to (12) in a general case. Indeed, a first
commuting flow to hydrodynamic chain (6) is given by
Aky =
[(
Ak+2 + Ak+1u0 + A
ku−1
)
H2
]
x
+ k
( (
Ak+2 + Ak+1u0 + A
ku−1
)
(H2)x −
(
Ak+1 + Aku0 + A
k−1u−1
)(H3
H2
−
H2u0
2
)
x
+
1
2
[
Ak (u0,H1∂x + ∂xu0,H1) + A
k−1 (u−1,H1∂x + ∂xu−1,H1)
]
H2
)
where the third conservation law density is determined by (here u0,H1 = ∂H1u0, u−1,H1 =
∂H1u−1, σH1 = ∂H1σ)
H3 = (A
3 − σu0 + A
1u−1 +
1
2
σH1)H
3
2 +
3
2
u0H
2
2 .
A compatibility condition (λt)y = (λy)t of corresponding Vlasov type kinetic equations
(15) (i.e. K = 1 and K = 2, respectively) leads to some 2+1 dimensional quasilinear
equation of the second order (a general classification was presented in [3]), which will be
considered in a separate paper.
6 Egorov’s case
A most important and interesting case is the Egorov hydrodynamic chain (see [14]) se-
lected by the simple choice H1 = A
1 (see (53)). In such a case, S = 1, then all αk = −1/2
and general hydrodynamic chain (6) reduces to the form
Akt = A
k+1
x −k[(A
k+1+Ak∂1F+A
k−1∂0F )[ln(A
2+A1∂1F+A
0∂0F−1)]x−A
k(∂1F )x−A
k−1(∂0F )x],
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where the function F is given by
F =
1
4
∫
η(A0)dA0 + ln θ1(A
1, A0).
Here η(A0) is a solution of the Chazy equation
η′′′ = 3η′
2
− 2ηη′′
and the Jacobi theta-function
θ1(A
1, A0) = 2
∞∑
n=0
(−1)ne−(n+1/2)
2A0 sin[(2n+ 1)A1]
is connected with the above solution of the Chazy equation via an involutive system (see
[14])
∂1θ1 = −µθ1, ∂0θ1 =
1
4
(µ2 − l)θ1,
∂1µ = l, ∂0µ =
1
4
√
4l3 − 4ηl2 − 8η′l −
8
3
η′′ −
1
2
µl,
∂1l =
√
4l3 − 4ηl2 − 8η′l −
8
3
η′′, ∂0l = l
2 − ηl − η′ −
1
2
µ
√
4l3 − 4ηl2 − 8η′l −
8
3
η′′.
7 Conclusion
The crucial observation made in [18] is that a substitution of Zakharov moment decompo-
sition (8) is applicable for hydrodynamic chains, whose r.h.s. expressions depend linearly
on a discrete variable k and contain a finite number of common variable coefficients (see
(12)).
In comparison with approaches established earlier (see [4], [6], [9]), the method pre-
sented in this paper is not universal but most effective. A complete classification of
conservative hydrodynamic chains is given by virtue of their re-presentation in a special
form (19). All conservation law densities Hm can be expressed explicitly via moments A
k;
all fluxes of corresponding conservation laws can be expressed explicitly via Hm; all com-
muting flows can be constructed explicitly (and their conservation laws); infinitely many
hydrodynamic reductions can be extracted. Thus, infinitely many particular solutions
to integrable hydrodynamic chains (19) can be presented (by the generalized hodograph
method, see [20]).
8 Appendix
The system in involution for functions u0, u−1 and S describing a family of integrable
hydrodynamic chains (6) possesses a general solution parameterized by 9 arbitrary con-
21
stants:
∂1,1u−1 = ∂1u−1 · ∂1 lnS + 2
∂0u−1 − u−1∂1u0
S
,
∂1,1u0 = ∂1u0 · ∂1 lnS + 2
∂1u−1 + ∂0u0 − u0∂1u0
S
,
∂0,1u−1 = ∂1u−1 · ∂0 lnS − 2
u−1 (∂1u−1 + ∂0u0)− u0 ∂0u−1
S
,
∂0,1u0 = ∂1u0 · ∂0 lnS + 2
∂0u−1 − u−1∂1u0
S
,
∂0,1S = ∂1u−1 − ∂0u0 +
∂0S − 2u−1
S
∂1S +
u0∂0S
S
,
∂1,1S =
∂21S
S
−
u0∂1S
S
+
2∂0S
S
, (54)
∂0,0S =
2∂0,0S
S
+
(u20 − 2u−1) ∂0S
S
+ u−1
∂1,1S
S
+ (∂1u−1 − ∂0u0) u0
+
(
∂0u0 − ∂1u−1 −
u0
S
∂0S −
u−1u0
S
)
∂1S,
∂0,0u0 = (∂0u0 − ∂1u−1) ∂1u0 +
u−1∂1u0 − 2∂0u−1
S
∂1S
−2
u−1 (∂1u−1 + ∂0u0)− u0∂0u−1
S
+
2 (∂1u−1 + ∂0u0)− u0∂1u0
S
∂0S,
∂0,0u−1 = 2∂0u−1 · ∂1u0 − (∂1u−1 + ∂0u0) ∂1u−1 +
u−1 (∂1u−1 + 2∂0u0)− 2 u0∂0u−1
S
∂1S
+
2(∂0u−1 − u−1∂1u0) + u0∂1u−1
S
∂0S+2
u2
−1∂1u0 − u−1 (∂0u−1 + (∂1u−1 + ∂0u0)u0) + u
2
0∂0u−1
S
.
The system in involution describing conservative hydrodynamic chains (7) was derived
in [6]:
∂˜0,0,0G =
2∂˜20,1G
∂˜1F0
+
(
−4∂˜0G · ∂˜1G+ 4∂˜0G · ∂˜0F0 − ∂˜
2
0F0
)
∂˜0,1G
∂˜1F0
+
(
2∂˜20G
∂˜1F0
−
2∂˜0,0G
∂˜1F0
)
∂˜1,1G−
((
∂˜0F0 − ∂˜1G
)
∂˜0,0F0 + 2∂˜0G · ∂˜0,1F0
)
∂˜0G
∂˜1F0
+

2∂˜0G+ 2
(
∂˜21G− 2∂˜0F0 · ∂˜1G+ ∂˜
2
0F0 + ∂˜0,1F0
)
∂˜1F0

 ∂˜0,0G,
∂˜1,1,1G = −
(
∂˜1G− ∂˜0F0
)
2∂˜1,1F0
∂˜1F0
+ 4∂˜0,1G · ∂˜1F0 − ∂˜0,0F0 · ∂˜1F0
−2∂˜1G · ∂˜0,1F0 + 2∂˜0F0 · ∂˜0,1F0 − ∂˜0G · ∂˜1,1F0 +
(
2
(
∂˜1G− ∂˜0F0
)
+
∂˜1,1F0
∂˜1F0
)
∂˜1,1G,
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∂˜0,1,1G = 2∂˜0G · ∂˜1,1G+ 2∂˜0,0G · ∂˜1F0 − 2∂˜0G · ∂˜0,1F0 (55)
+
∂˜0,1G · ∂˜1,1F0
∂˜1F0
+
(
∂˜0F0 − ∂˜1G
)
∂˜0G · ∂˜1,1F0
∂˜1F0
,
∂˜0,0,1G = −∂˜
2
0G
∂˜1,1F0
∂˜1F0
+ 4∂˜0,1G · ∂˜0G− ∂˜0,0F0 · ∂˜0G+
(
2∂˜0F0 − 2∂˜1G+
∂˜1,1F0
∂˜1F0
)
∂˜0,0G,
∂˜1,1,1F0 =
∂˜21,1F0
∂˜1F0
+
(
∂˜1G− ∂˜0F0
)
∂˜1,1F0 + 2∂˜1F0 · ∂˜0,1F0,
∂˜0,1,1F0 = ∂˜0,0F0 · ∂˜1F0 +
(
∂˜0G+
∂˜0,1F0
∂˜1F0
)
∂˜1,1F0,
∂˜0,0,1F0 = 2∂˜0G · ∂˜0,1F0 +
(
∂˜0F0 − ∂˜1G+
∂˜1,1F0
∂˜1F0
)
∂˜0,0F0,
∂˜0,0,0F0 =
(
∂˜0G+
∂˜21G− 2∂˜0F0 · ∂˜1G+ ∂˜
2
0F0 − ∂˜1,1G
∂˜1F0
)
∂˜0,0F0+
(
∂˜0,0F0
∂˜1F0
− 2
∂˜0G · ∂˜1G− ∂˜0,1G− ∂˜0G · ∂˜0F0
∂˜1F0
)
∂˜0,1F0 +
(
∂˜20G− ∂˜0,0G
)
∂˜1,1F0
∂˜1F0
.
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